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Lift of Delta Wings with Leading-Edge Blowing

D. A. Tavella*
Stanford University, Stanford, California

An analysis of the lift augmentation due to a thin jet of air issuing from a slot along the leading edge of a delta
wing is presented. The problem is treated with an extension of the method of Brown and Michael, representing the
separated flow on the leeward side of the wing by a pair of concentrated vortices and corresponding feeding sheets.
It is assumed that the jet is not affected by Coanda forces. The analysis produces reasonable agreement with
experiments and suggests ways of grouping the concept parameters.

Nomenclature
a = wing semispan
C^ = jet momentum coefficient
6j = complex unit vector in direction of ejection
f,g = universal functions in lift coefficient expressions
F = resultant force on singularity system
Fs = force on connecting vortex sheet
Fv = force on vortex
i = \/— 1
k = constant in lift augmentation expression
nij = jet momentum flux per unit length
p = exponent in lift augmentation expression
V^ — freestream velocity
vd — velocity at center of vortex
W = complex potential in cross-flow plane
a = angle of attack
P = ejection angle
e = half-apex angle
F = vortex intensity
p = freestream fluid density
Pj = jet fluid density
(7 = complex representation of physical cross-flow

coordinates
6 = complex representation of transformed coordinates
ffo»0o = vortex equilibrium location
(~) = complex conjugate

Introduction

A THIN jet of air ejecting from a slot along the leading edge
of a delta wing alters the equilibrium position of the vor-

ticity system on the leeward side of the wing, causing a change
in the pressure distribution on the wing surface, thus resulting
in lift augmentation. In addition to the pressure-induced lift
increment, the lift is also enhanced by the vertical component
of the jet momentum.

The jet of air may leave the wing surface in two different
ways. It may exit in a direction uniquely determined by the
orientation of the slot, or it may follow the wing surface and
separate from it tangentially. In the first case, the jet direction
is not affected by Coanda forces. The first case will occur if the
jet exit direction, imparted by the slot, forms a sufficiently large
angle with respect to the local tangent to the edge of the wing's
cross-sectional cut (in the cross-flow plane). In this case, the jet
affects the wing aerodynamics by injecting momentum into the
vortex structure, which implies that significant blowing inten-
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sity is needed to alter the lift. The second case will occur if the
direction of ejection makes a sufficiently small angle with re-
spect to the local tangent direction. In this case, the jet will act
on the lift by altering the position of the primary separation
point, while the momentum of the jet injected into the vorticity
system will be quite small.1 This paper will consider the first
case, where the direction of the jet is not affected by Coanda
forces. The concept is illustrated in Fig. 1.

The problem in conical symmetry with blowing in the direc-
tion of the wing span was solved by Barsby,2'3 who based his
analysis on Smith's description4 of the separated flow about a
conical, flat delta wing. Experimental work has been reported
by Trebble,5 who attempted to simulate conical symmetry.
Measurements on a cropped delta wing with this blowing con-
cept have been reported by Alexander.6'7

This paper investigates the problem in a much simpler math-
ematical framework than that used by Barsby, and the angle of
jet ejection with respect to the wing-span direction is included
as ail additional parameter.

The theory first proposed by Brown and Michael for the
analysis of delta wings without blowing8 is extended to account
for momentum injection into the vortex system. In this ap-
proach, the separated flow on the wing is represented by a pair
of vortices connected to the leading edges by straight vortex
sheets, as shown in Fig. 2. Brown and Michael solved the
no-blowing delta wing problem in the cross-flow plane by re-
quiring that the forces, but not the moments, acting on the
singularity system should be in equilibrium. This method leads
to a complex-valued, implicit equation for the equilibrium po-
sition of the singularity system. Once the equilibrium position
is established, the vortex and sheet intensities are determined
from the tangency condition at the leading edge, and with this
the lift is readily obtained.

The procedure developed here follows the same steps, except
that the force-balance condition is altered to account for the
momentum ejected from the wing at a given angle with the
span. The implicit relationship for the equilibrium position of
the singularity system in this case differs from that of Brown
and Michael's in that it contains a source term proportional to
the momentum intensity of the jet. The lift obtained from the
development does not include the vertical component of the jet
momentum.

Mathematical Model
To determine the condition for equilibrium of the singularity

system, consider the cross-flow plane with the control volume
shown in Fig. 3. The sum of all the forces acting on the singu-
larity system must balance the momentum transfer through the
volume walls. Assuming that the momentum associated with
the jet aligns itself with the direction of the core within the
control volume, and interpreting the forces as complex quanti-
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ties, momentum balance requires

Fs (1)

Expressions for these forces were derived by Brown and
Michael8

dr
—

Substituting Eqs. (2) and (3) into Eq. (1)

(2)

(3)

(4)

An expression for vd is obtained through the transformation
6 = ̂ /^o — a2, which maps the cross-flow plane into a plane
where the wing is represented by a slot along the imaginary
axis, as illustrated in Fig. 4.

dWd9 iT

(6)

The vortex intensity is obtained from the requirement that the
velocity at the leading edges should be finite

= |

Introducing the jet momentum coefficient

r -
~

(7)

(8)

and carrying out the limit above, the equilibrium condition for
the singularity system is

Wo

(9)

The term on the right-hand side contains the blowing informa-
tion. In the expression for the lift coefficient derived by Brown
and Michael

4n
— (10)

the first term on the right-hand side represents the vortex lift,
a nonlinear function of a, and the second term represents the
linear part of the lift, which would be produced by the wing in
the attached flow case. To assess what form Eq. (10) will take
in the case of blowing, it is noticed that, in Eq. (9), apex angle,
angle of attack, and momentum coefficient appear in two
groups, whereas the angle of blowing /? appears through the
definition of Cj. Since the product 90ff0 is obtained by solving
Eq. (9), the lift coefficient will be of the form

L = 4neo/-, a2 (11)

In this expression,/represents a universal function of its argu-
ments and is not given analytically, since no exact analytic
solution of Eq. (9) is possible. For some limiting values of the
arguments, however, analytical approximations to Eq. (11) are
possible. Notice that the blowing information appears in the
group C^/a2. This dependence could be helpful in arranging
the problem parameters when conducting experiments.

To obtain such limiting forms, consider first the approxima-
tion to the lift coefficient in the absence of blowing, as obtained
through linearization of Eq. (9)8

(12)

Hence, the condition that the no-blowing case should revert to
Eq. (12) gives

WING CROSS SECTION

Fig. 1 Delta wing leading-edge blowing concept.

Fig. 2 Brown and Michael model.

x2,j?) + l] (13)
, i V .———— f», ?l / J \ /

The lift movemennt is then

€2 **

The form of g for small values of its argument will be consid-
ered in the case of /? = 0. It can be shown that g is regular for

0. Expanding g in C^/a2, the following limiting form
results, valid for small and /? = 0:

(15)

Fig. 3 Jet sheet control volume.

0 04 0,

Fig. 4 Conformal transformation of cross-flow plane.
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Fig. 6 Comparison of theory and experiment, e = 20 deg.
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Fig. 7 Lift as function of ejection angle, t = 20 deg; a = 12 deg,
Cf = 0.0875.

The constraint imposed on blowing intensity in order for Eq.
(14) to be applicable guarantees that no singularity at zero
angle of attack will occur. Verification of Eq. (14) would re-
quire extremely small blowing intensities.

Results
Figure 5 shows, in carpet-plot form, the lift increment due to

blowing in the span wise direction.
Figure 6 presents a comparison of these calculations with the

measurements taken by Trebble.5 The theory somewhat over-
predicts the lift increment, a feature also exhibited by Barsby's
theory.

Figure 7 shows the lift produced by blowing at an angle to
the wing's spanwise direction. The lift obtained from Eq. (13),
which does not include the direct thrust of the vertical compo-
nent of the jet momentum, is compared to the total lift, ob-
tained by adding the vertical component of the jet momentum
flux. A maximum occurs for ejection at about 60 deg.

Conclusions
The problem of blowing from the leading edges of a slender

delta wing has been analyzed using a generalization of the
vortex-connecting-sheet model for the separated flow on the
leeward side of the wing. The results lead to the following
observations.

Blowing from the leading edges of a slender delta wing
causes an increment of lift beyond the vertical component of
ejected momentum. Both theory and experiments suggest that,
for wings of 40 deg apex angle, blowing coefficients of about
0.05 leads to gains in lift of the order of 30%.

The theory suggests a way of grouping the different non-
dimensional quantities of the problem in such a manner that
the lift increment becomes a function of e/a, CM/a2, and /?. It is
expected that this particular way of grouping the wing and jet
parameters will reduce considerably the size of the matrix of an
experimental program.
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